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A theory of polarized neutron scattering at grazing incidence is presented. Equations for reflection and scattering cross section are derived in invariant vector form independent of a particular
coordinate system and valid for an arbitrary orientation between the incident polarization vector and the direction of the polarization analysis. This provides a solid theoretical background for
implementation of 3-dimensional (vector, spherical) polarization analysis into reflectometry. SuperMatrix (SM) and Spin-Recursive (SR) routines are introduced in an easy-to-program form. They
allow to create fast–converging and stable numerical algorithms for simulations of spin-flip and
non-spin-flip reflectivity profiles for layered systems with magnetization arrangement of arbitrary
complexity.

9.1

Introduction

In the extended Introduction I firstly discuss some general questions, related to the symmetry, conservation laws, procedure of averaging, approximations, etc., which are often not
well addressed in the text books, but very important for the qualitative interpretation of experimental data on polarized neutron reflection and scattering at grazing incidence. Precise
definitions then will be introduced in the main body of the Lecture, where explicit derivations
of equations used in numerical simulations for quantitative analysis of experimental data are
presented. The theory of polarized neutron scattering in solids and its applications to various problems of magnetism has already received an exhaustive coverage in three Lectures by
Maleyev [1] (see this volume). However, the general equations derived and comprehensively

analyzed in Ref.1 are not fully appropriate for polarized neutron reflection and off–specular
scattering from magnetic layered systems. This is mostly due to the fact, that it was implicitly assumed that magnetic scattering is relatively week and the Born Approximation
(BA) i.e the first order of the perturbation approach, is well applied [2]. In the present
Lecture we shall concentrate on a circle of problems related to reflection and scattering of
polarized neutrons from magnetic systems, the case when the Born approximation mostly
fails. The equations derived below generalize those given in the Maleyev’s Lectures, while
apparently collapse to the BA particular case, if the scattering is weak. The other problem
not well covered in Ref.1 is the role of coherency of neutron radiation, which is also of great
importance for the correct interpretation of data on the polarized neutron reflectometry, and
will gain some attention below.
The most spectacular manifestation of the BA failure is the phenomenon of the total external reflection which occurs at the glancing angles of incidence αi below some critical value
αc . Then almost all intensity incident onto a surface is specularly reflected (scattered). The
critical angle αc of magnetic materials depends on the reflecting material, i.e. its scattering
length density (SLD) nb, on the neutron wavelength λ, and on the spin state of neutrons.
The dependency of the total reflection on the spin states, as mentioned in Ref.1, is commonly
used to polarize neutrons: one of the spin components is totally reflected, while the other
one is transmitted and the incident beam is split into two in the reciprocal space. The other
way to obtain polarization is to let neutrons through a high field gradient, in which the
Stern-Gerlach effect splits the beam in the direct space accordingly to neutron spin states[3].
These two essentially different methods are intimately related: a sharp interface between
vacuum and laterally magnetized material provides an almost infinite gradient of magnetic
field along the normal to the surface.
Having in mind the reflectivity from a magnetic sample with a flat surface, let us make
some general remarks on the behavior of a particle with magnetic moment µ in the magnetic
field B(r) = B(z), assuming for simplicity, that it does not change direction, while its
strength depends on the only coordinate z. Let us also assume that B(z) = 0 at z = ±∞,
where particles can freely propagate before, at z = −∞, and after, at z = ∞, their interaction
with the field. If the classical magnetic moment of the particle is not parallel to B, but
tilted at an angle γ, then the vector µ undergoes Larmor precession (LP). The incident
beam containing many particles is polarized, if hµi 6= 0. Then, as explained in the Lecture

by Maleyev[1], neutron polarization P ∝ hµi 6= 0 also experiences LP, a purely classical
phenomenon describing the evolution of the classical polarization vector P in a magnetic
field, irrespective to the classical or quantum nature of the magnetic moments. It was
also explained, that field inhomogeneities scatter neutrons away of the primary beam cause
depolarization. In the alternative approach depolarization is caused by the mixing of the LP
phases of neutrons passing via different classical trajectories through a field inhomogeneous
in space.
In Maleyev’s Lecture[1] the effect of reflection from a magnetic potential was totally
ignored. One reason is that the neutron kinetic energy Ek is usually much greater than its
potential energy V (z) = µB(z). Due to the same reason in the classical approach deviations
of neutrons from their initial direction, and in particular, reflection are also ignored. This
is not the case not only for ultracold neutrons, but also if the thermal neutrons propagate
at an angle close to π/2 with respect to the z−axis. Then in the field depending only
on z−coordinates the kinetic energy is decomposed into a sum Ek = E⊥ + Ek with Ek
corresponding to the neutron propagation parallel to the plane orthogonal to the z−axis.
The field does not affect Ek and it is one of the integrals of motion, i.e. a conserved quantity.
The other integral of motion is the total energy E = Ek (z) + V (z) = Ek (−∞). So, inside the
field range E⊥ (z) depends on z in a manner providing conservation of the sum E⊥ (z)+V (z) =
E−Ek = const. This determines the classical trajectory of the particle. The trajectory within
the field range can be quite complicated but kinematics allows finally either transmission
through the potential in the initial direction at z → ∞, or specular reflection at z → −∞.
This is just a consequence of the general symmetry and the initial condition, which dictate,
that both Ek and E⊥ are the same at z = ±∞ in the initial and final states.
In the classical limit reflection is possible, if at some point (the point of return) E⊥ (zc ) =
0. This equation contains the angle γ between µ and B as a parameter and it may have
no solution if γ is greater than a certain value. Then particles are transmitted, while the
perpendicular component of their magnetic moment receives a precession phase leaving the
field range. At γ = ±π/2 the classical particle does not, obviously, change its trajectory, but
only the direction of its magnetic moment. In the opposite case γ = 0, π no precession
is possible, but the particle, in principle, can be reflected and/or transmitted. If γ 6=
±π/2, 0, and the equation E⊥ (z) = 0 has a solution, then the particle is reflected and
its magnetic moment gains an additional Larmor precession phase travelling out of the

field range, which compensates the phase gained on the way to the point of return. Thus,
depending on the angle γ particles can be either reflected from, or transmitted through the
classical potential and this allows to partially polarize an initially unpolarized beam. If
an unpolarized monochromatic beam contains an equal amount of particles with magnetic
moments parallel, or antiparallel to the field, then either both reflected and transmitted
beams are perfectly polarized, or there exists only unpolarized transmitted beam. This is,
in particular, true for the rectangular reflection potential, i.e. if V (z) = V0 at 0 ≤ z ≤ z0
and V = 0, otherwise. The fact of the total reflection and perfect polarization for such
a potential also follows from the quantum mechanical consideration at z0 → ∞. For the
first sight this looks surprising, because the classical approach should fail to deal with a
discontinuous variation of the potential and can match the quantum mechanical result for
a potential slowly varying over the range of the de Broglie wavelength (its projection onto
the z-axis) of the particle [4]. An occasional coincidence of the results just demonstrates
the power of symmetry arguments valid in both cases. However, the difference becomes
immediately clear if one goes beyond the critical angles, accounting finite z0 , or considering
a depolarized beam with distributions of classical magnetic moments different of what is
assumed above. Recall, that for spin–1/2 particles the latter has no sense at all.
Everywhere below we shall strictly follow the quantum mechanical consideration, recollecting to the classical analogues, if ever they may serve for the illustration of results and
always keeping in mind that measurable quantities, i.e. cross sections, polarization components, etc, are classical objects, mean values obtained after proper averaging over a number
of events. From the quantum mechanical point of view an interaction of the spin 1/2 with an
optically active media, e.g. magnetic field, results in the Zeeman effect which splits the neutron spectrum into the two branches according to two neutron states with spin projections
along with, or opposite to the field direction. As soon as the neutron cannot transfer any
energy to the static ”infinitely heavy” field different spin components of the neutron wave
have different wave vectors and propagate inside the field with different phase velocities.
We again assume that the field B(z) depends upon the only coordinate z considering arbitrary (allowed by the Maxwell electrostatics) profile. It can be approximated by a sequence
of step-like functions dividing the z-axis into sufficiently small intervals, in which the field
variation is negligible.
Impinging onto a flat border between vacuum and a magnetic medium at a certain angle

the neutron wave cannot transfer the component of the wave vector parallel to the surface.
Therefore, the Zeeman effect, the conservation of energy and the lateral projection of the
wave vector lead to the neutron wave birefringence: it splits into two components with
different wave vector projections onto the normal to the surface. The wave reflected from
the surface is, apparently, not split neither in the direct, nor in the reciprocal space and
for the both spin components the angle of reflection αf is equal to the angle of incidence
αi . However, due to the different refractive indexes the reflection amplitudes are different
for spin component parallel, or antiparallel to the magnetization vector. In particular, if
one of the components of the primarily unpolarized beam is almost totally reflected from,
while the other one is well transmitted into the matter, then the reflected neutron beam
is nearly perfectly polarized along, while the transmitted beam polarized opposite to the
magnetization (or visa versa). Alternatively, the reflected beam remains unpolarized, if the
angle of incidence is below the total reflection thresholds for both spin components. Reflected
and transmitted beams are partially polarized, in the opposite case of incident angles greater
than the angles of the total reflection.
As we shall see, the above statements hold for layered systems with any non-collinear
magnetization arrangement. The only nontrivial problem is to determine critical edges for
each spin components and the direction along which reflected and transmitted polarizations
are directed. For complex system this can be done numerically using the Super-matrix, or
Super-iterative procedure generalizing the conventional matrix[5] routine for the case of spin1/2 reflectances[6] and transmittances from magnetic multilayers. Below we also indicate
how to generalize[7] the Parratt formalism[8], an iterative procedure also commonly used
for the same purpose. The latter is appeared to be more stable at large thicknesses, or/and
large number of layers.
All the coherent phenomena mentioned, e.g. reflection, refraction, birefringence and
transmission imply an infinitely extended flat surface. In fact, it means that the lateral
projection lk of the coherence length lc of the neutron radiation is much smaller than the
sample surface. The coherence length lc is related to the uncertainty δq in the determination
of the wave vector transfer q, i.e. a resolution of the instrument comprising the uncertainty
δαi in the angle of incidence, azimuthal angular divergency δχi of the primary beam, detector
angular resolution δαf and δχf , as well as a degree of monochromatization δλ/λ. It is
easy to see, that at shallow incidence the uncertainty δq in the momentum transfer δq

is quite anisotropic. Thus, in the transverse component q⊥ ≈ (2π/λ)(sin αi + sin αf ) it
q

can roughly be estimated as δq⊥ ∼ (2π/λ) (δαi )2 + (δαf )2 + (αi + αf )2 (δλ/λ)2 and the
transverse coherence length l⊥ ∼ 2π/δq⊥ can reach a value up to a few tenths of a micron.
Neutron waves scattered from subjects disposed in the transverse direction at distances
smaller than l⊥ still interfere. This interference from scattering from the atomic size scale
results in the fact, that one can safely use the continuous media, or the optical potential,
approximation until the reciproc of the momentum transfer matches the scale comparable
with interatomic distances. In particular, considering polarized neutron scattering at low
incidence one can account the interaction of the neutron magnetic moment µ̂ with vector
of magnetic induction B, while at high momentum transfer the microscopic Hamiltonian of
the magnetic interaction is to be used (see Lecture of Maleyev[1]).
Usually reflectometry uses a slit-like collimation and a resolution in the direction across
the reflection plane, i.e. in angles χi and χf , is relaxed. Then the corresponding uncertainty
q

δqχ ∼ (2π/λ) (δχi )2 + (δχf )2 in the compoment qχ ≈ (2π/λ)(sin χi − sin χf ) does not allow
to resolve at qχ = 0 objects with an extension greater than lχ ∼ 2π/δqχ , which is usually in
the order of dozens of Ångstrøms. If at low incidence onto a magnetic crystal, qχ 6= 0 and
matches to one of the reciprocal lattice vector τ̂ , then one can observe so called evanescent
wave birefrigent diffraction[9] (see below).
A lateral projection of the coherence length lα within the reflection plane is, in contrast
to lχ , rather huge and can range from a micron up to sub-millimeter scale[10]. Indeed,
the corresponding projection qα ≈ (2π/λ)(cos αf − cos αi ) ≈ q⊥ (αi − αf )/2 ¿ q⊥ of the
lateral momentum transfer is rather small and defined with an accuracy estimated as δqα ∼
q

(2π/λ) (αi δαi )2 + (αf δαf )2 .
If within the coherence length projections lχ and lα the surface can be considered as
homogeneously flat, then no lateral momentum can be transferred with an accuracy of the
corresponding resolution constrains: δqχ and δdα . With this accuracy qα = 0, χi = χf and
αi = ±αf . It is important to stress that the conditions for the specular reflection χi = χf and
αi = αf directly follow from the energy and lateral momentum transfer conservation laws, i.e.
they are just a consequences of the symmetry, and obviously independent of the spin states
of the incoming and outgoing beams. Therefore, ”off-specular reflection”, either spin-flip,
or non-spin-flip is kinematically forbidden, unless the invariance of the surface with respect
to the shift parallel to itself is violated. One of the most common examples of a symmetry

violation is an interfacial roughness[11], which violates the lateral translational invariance
and gives rise to off–specular diffuse scattering. The other is a set of magnetic domains[12],
which may cause spin–flip and non–spin–flip diffuse scattering, whenever the domain size is
smaller than the lateral coherence length. In fact one can still use a term ”off-specular reflection”, which would mean a coherent Bragg scattering from laterally periodically patterned
samples[13], or grazing incidence diffraction[9, 6] by a crystalline structure, which also violates the conservation of the lateral projection of the momentum. All those phenomena are
presently well understood and routinely used to investigate magnetic properties of magnetic
thin films and multilayers[14].
A separate, almost not investigated case is if both the energy and momentum conservation
law are violated. Then not only a portion of the lateral momentum, but also energy is
transferred to or received from the sample, creating or absorbing thermal excitations in
the film. An observation of a transition between the Zeeman levels split in the ambient
field applied perpendicular to the thin ferromagnetic film surface was reported[15] as a
manifestation of inelastic off-specular scattering. One, however, should admit that in this
configuration the magnetic field is rather inhomogeneous, especially at the sample edges. As
soon as the external field B(ρ) depends upon the lateral coordinate ρ, the lateral translation
invariance is also violated and only the energy conservation law is to be obeyed. The problem
becomes 3-dimensional and can be solved only asymptotically, and/or in a few degenerated
cases. In one of them B(x) depends on one lateral coordinate x and essentially varies only
far away of the reflection area, being well homogeneous in the immediate vicinity of the
surface. Within this range the lateral projection of the neutron momentum is conserved,
while the normal component experiences a Zeeman splitting in the ambient, as well as in
the internal field of the film. If these fields are not collinear, then both spin states are
in general partially populated, and ”off-specular spin flip reflection” does not require any
energy exchange with the sample. Within the range of reflection (coherence length) both the
total energy and the lateral projection of the momentum are conserved, while propagating
to the border of the field, both beams are deflected, and after exiting the range of the field,
different spin components have lateral and transverse wave vectors such that each of the
components has the same energy as in the incident beam before the interaction with the
compound field+sample.
This is, in fact, one of the so-called finite size effects. The other are other almost trivial

effects of that sort. One of them consists in the splitting of the beam refracted from a
side edge of a relatively thick magnetized slab after the incidence onto its surface. Another
one is the splitting at reflection, if the beam is incident through the edge of a magnetized
sample, while the reflected beams exit through its opposite side edge. The latter example,
actually, reproduces a kinematics discussed above if one adds on top of the thick slab a film
magnetized non-collinearly with the slab. A further example of the sample size effect is the
thin-film neutron waveguiding[16], where the scattering signal is observed not only at the
angles of specular reflection, but also in the direction along the sample surface.
Here we shall not discuss these scope of questions in more details and after this long
Introduction, we turn to the derivation of equations for polarized neutron scattering cross
sections. In the next section we shall introduce some definitions, and remind relevant chapters from the textbooks on Quantum Mechanics[4].

9.2

Spin states and polarization vector

In this Section we remind how starting from quantum spin states of a spin–1/2 particle to
arrive at the classical polarization vector of the beam consisting of those particles. As well
known, the particle behavior in this case is formally described by the two component vector
of the states:
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i.e. by a pair of complex functions Ψ± (r) = |Ψ± | exp(iφ± ), which are the ”+” and ”-”
projections onto two-component basic vectors


|χ+ i = 








1 
 0 
−
 and |χ i = 
.
0
1

(2)

These vectors being orthogonal and properly normalized:
hχ+ |χ− i = hχ− |χ+ i = 0, hχ+ |χ+ i = hχ− |χ− i = 1,

(3)

complete a basis in the discrete 2-D space of spin states and the projections Ψ± (r) have the
sense of the probability amplitudes to find the particle in one the states labelled as ”+” , or
”-”. The four functions: the amplitudes Ψ± and the phases χ± depend on the choice of the
quantization axis, while the probability to find the particle in any of those states is a scalar
product hΨ|Ψi =

P
α

|Ψα |2 , i.e. the only invariant independent of the coordinate system.

If particles are ”produced” by a source, then a measurable quantity, such as the particles
density (or flux) is found via averaging hΨ|Ψi over the counting time of particles. For a
stationary source this averaging is usually substituted by averaging over statistics of the
source states. Then the particle number density,
ρ0 = hΨ|Ψi source = |Ψ+ |2 + |Ψ− |2 source = Tr{|ΨihΨ|} source = Trρ̂,

(4)

is expressed via the sum of the diagonal elements of the density matrix
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where ρµν = Ψµ Ψν∗ source , with µ, ν = +, −.
Four real elements of the density matrix complete a full set of quantities accessible for an
observation, instead of four initial quantities: two amplitude modula |Ψ± | and two phases
χ± , characterizing quantum spin states. In contrast to the latter ones, the density matrix
incorporates also an information on the statistical properties of the source. However, it is
still inconvenient that the matrix elements explicitly depend on the particular choice of the
representation, determined by the quantization axis, or in other words, on the choice of the
coordinate system.
In order to avoid this inconvenience, the elements of the matrix in Eq.(5) should be
classified is a particular manner using the fact that any 2 × 2 matrix ρµν can be decomposed
over four matrices as follows:
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where four real quantities ρ0 ,
Px = {ρ+− + ρ−+ }/ρ0

(7)

Py = i{ρ+− − ρ−+ } = /ρ0

(8)

Pz = {ρ++ − ρ−− }/ρ0

(9)

serve for an alternative parametrization of the matrix ρµν .
This parametrization is rather convenient, because the four matrices in the right hand
side of Eq.(6) are just the unit matrix Iˆ and three Pauli matrices σx , σy , and σz :
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(10)

These matrices are mutually orthogonal: σ̂α σ̂β = 0 at α 6= β, while σ̂α σ̂β = 1 at α = β,
i.e.
σα σβ = δαβ + iεαβγ σγ ,

(11)

where {α, β, γ} = {x, y, z}, and δαβ is the Kronecker symbol: δα=β = 1, δα6=β = 0, εαβγ =
−εβαγ = −εαγβ is the Levi-Civita tensor, i.e. totally antisymmetric axial tensor of third
rank: εα6=β6=γ = ±1, while εαβγ = 0, otherwise.
Due to these properties the three matrices σα can be considered as projections of 3D
pseudo-vector σ̂ onto the Cartesian basis, and Eq.(6) is written in an invariant vector form,
independent of the choice of the coordinate system:
ρ̂ =

ρ0 ˆ
ρ0
{I + Px σ̂x + Py σ̂y + Pz σ̂z } = {Iˆ + (Pσ̂)},
2
2

(12)

The axial vector P is called the polarization vector of the density matrix. It is determined
as:
P = hΨ|σ̂|Ψi source = Tr{ρ̂σ̂}/Trρ̂,

(13)

i.e. as an expectation value of the vector σ̂.
In a particular coordinate system, due to Eqs.(7–9):
Px = 2{|Ψ+ ||Ψ− | cos φ}/{|Ψ+ |2 + |Ψ− |2 }

(14)

Py = −2{|Ψ+ ||Ψ− | sin φ}/{|Ψ+ |2 + |Ψ− |2 }

(15)

Pz = {|Ψ+ |2 − |Ψ− |2 }/{|Ψ+ |2 + |Ψ− |2 },

(16)

where φ = φ+ − φ− is a phase shift. If it is absolutely random and varies uncontrollably for
different particles, then cos φ = sin φ = 0, Px = Py = 0 and the matriz ρ̂ is diagonal. If at the
same time ρ++ 6= ρ−− , then Pz 6= 0 and the density matrix has a polarization along z−axis.
In the opposite case Pz = 0, but Px 6= 0 and Py 6= 0, the polarization is displayed in the basic
plane and their projections can be either correlated, or not. If at perfect phase correlation
cos φ = 1, then sin φ = 0 and visa versa. From Eqs.(14-16) it immediatelly follows, that in
general, |P| ≤ 1.
In a neutron scattering experiment one measures not density, but rather neutron flux,
defined as
j=

ih̄
lim {∇r − ∇r0 }hΨ(r)Ψ(r0 )i.
2m r→r0

(17)

The corresponding extension of the consideration above for this quantity is just obvious.

9.3

Evolution of Density Matrix and Polarization Vector

In this section we consider, again formally, the evolution of the components of the density
matrix and of the polarization vector under the action of some generalized (pseudo–) vector
field, which can be magnetic, pseudo–nuclear, or any other, just having a proper symmetry
with respect to space and time parity[1].
An initial 2D vector of spin 1/2 states |Ψi0 i is developed into another 2D vector of states
|Ψi i = Ŝi |Ψi0 i by some 2 × 2 Ŝi −matrix. As any 2 × 2 matrix, the latter can generally be
parametrized in the same way as the density matrix in Eqs.(12,13):
Ŝi (σ̂) = 1̂Si + (S i σ̂)
1
1
Si = Tr{Ŝi } ; S i = Tr{Ŝi σ̂},
2
2

(18)
(19)

i.e. via four complex functions: one scalar, Si , and three components of the vector, S i .
The expectation value hΨi |Ψi i = Tr|Ψi ihΨi | = Trρ̂i , is written via the density matrix:
ρ̂i = Ŝi ρ̂i0 Ŝi+ = {Si + (S i σ̂)}{1 + (P 0i σ̂)}{Si∗ + (S ∗i σ̂)}

(20)

”developed” out of the initial density matrix
ρ̂i0 = {ρi0 + (P i0 σ̂)} = ρi0 {1 + (P i0 σ̂)},

(21)

by the Ŝi −matrix. Substitution of Eq.(18,19) into Eq.(20) and use of Eq.(11) results in the
following equation for the ”developed” density matrix:
ρ̂i = {ρi + (P i σ̂)} = ρi {1 + (P i σ̂)},

(22)

where P i = P i /ρi is the modified polarization, ρi = 21 Tr{ρ̂i }, P i = 12 Tr{ρ̂i σ̂}, and so:
ρi = {|Si |2 + |S i |2 } + 2<{Si (S ∗i P 0i )} + ={([S i × S ∗i ]P 0i )},

(23)

(24)
P i = {|Si |2 − |S i |2 }P 0i + 2<{S i [Si∗ + (S ∗i P 0i )]} + ={[S i × S ∗i ]} + 2(Si [S ∗i × P 0i ])}.
At first sight these equations look quite complicated, but they are well structured and
transparent from the symmetry point of view. Indeed, the first term in Eq.(23) is independent
of the incident polarization P0i , while the two others are proportional to different components
of P0i : the second one to the projection of P0i onto the direction of S i , whereas the last is
only not equal to zero, if P0i has component perpendicular to S i and S ∗i . This term vanishes
if the vector S i has only real components, and in particular, in the Born approximation.

In accordance to Eq.(24), the polarization vector is generally composed of three vectors.
Two of them are directed either along with, or perpendicular to the incident polarization
vector P0i . The direction of the third one is independent of P0i having components either
parallel and perpendicular to the vector S i . Again, the two last terms in Eq.(24) vanish in
the BA. A simplest example where one can easily go beyond of BA, is the Larmor precession
in a magnetic field considered in the next Section.

9.4

Larmor Precession

The equation for Larmor precession was derived and thoroughly analyzed in Maleyev’s
Lecture[1]. Nonetheless in this Section I shall do it once again giving an exercise which
shows how the LP immediately follows from the Schrödinger examining the approximations
on the way. Let us assume that a polarized beam falls onto a sample having a form of a
slab magnetized along one of its long faces. For the sake of simplicity let us first neglect the
neutron interaction with nuclei, which is not important for the derivation of LP. Then in the
Schrödinger equation
{1̂(h̄2 /2m)[∇2 + k02 ] − V̂ (r)}|Ψ(r)i = 0,

(25)

the operator V̂ (r) = µ̂B(r) describes the magnetic interaction of the neutron magnetic
moment µ, with the magnetic field inductance B(r), µ̂ = µσ̂ is proportional to the vector
of the Pauli matrices σ̂, k0 = 2π/λ is the incoming neutron wave number.
The solution of this equation is formally given as: |Ψ(r)i = Ŝ(r)|Ψ0 i, via the 2 × 2
Ŝ−matrix and the initial vector of states |Ψ0 i is defined at a distance away from the sample,
where B = 0. We assume, that |Ψ0 i = eik0 r |ψ0 i, where k0 is the incoming wave vector.
If the field B(r) = B inside the slab is homogeneous, then the matrices V̂ and, correspondingly, Ŝ(r) are diagonal at the quantization axis directed along the unit vector b = B/|B|
and the matrix Ŝ(r) has only two non–zero elements S + (r) and S − (r). Due to the slab geometry S ± = S ± (z)eiκρ , where κ is the lateral projection of the wave vector, ρ is in-plane,
while z is the normal to the slab face coordinate, and
S ± (z) = eiϕ± (z) t± + e−iϕ± (z) r± .

(26)

Here ϕ± = p± z are the phase shifts for the neutron wave spin components with positive, or
negative spin projection onto the field direction, p± =

q

p20 − p2c± are normal to the surface

components of the wave vector inside the slab, p0 = k0 sin α is the normal projection of the

wave vector incoming at the glancing angle α (let us assume no field outside the slab), and
h̄2 p2c± /2m = µB. In Eq.(26) the first term corresponds to waves transmitted into the slab
through its front face with the amplitudes t± , while the second one describes the propagation
of the wave reflected from its back face with the amplitudes r± . Those amplitudes will be
found in the next Section, but here we just emphasize that both transmitted and reflected
waves are split into two components in accordance to the spin projections and each of those
components propagate with different phase velocities and interfere with each other within
the coherence length. This interference in certain approximations results, as we shall see, in
LP. To show this, let us suppose that the angle of incidence α is not very small and such
that p0 À pc± . Then, the reflection effect is weak and in a first approximation can be just
neglected, whereas t± ≈ 1 and
S ± (z) ≈ eiϕ± (z) .

(27)

It is easy to check, that S ± are the eigenvalues of the matrix
1
+
−
+
−
Ŝ(z) = eiϕ̂(z) = {1̂(eiϕ + eiϕ ) + (σ̂b)(eiϕ − eiϕ )}.
2

(28)

Indeed, (σ̂b) = bx σ̂x + by σ̂y + bz σ̂z , and if z-axis is chosen parallel to b, then bz = 1, and
Ŝ is diagonal with diagonal elements given in Eq.(27). Actually, Eq.(28) is a consequence of
a general theorem[4], which sounds as follows: any scalar function fˆ = fˆ(σ̂) of the vector σ̂
of the Pauli matrices is linear with respect to σ̂:
fˆ = 1̂f + (σ̂f ),

(29)

where f = Tr{fˆ}/2, and f = Tr{fˆσ̂}/2.
The equation for the outgoing polarization vector Pf can be obtained from Eqs.(13,20),
or via an immediate substitution of the equations
b
1
+
−
+
−
S = {(eiϕ + eiϕ } and S = {eiϕ − eiϕ )}
2
2

(30)

following from Eq.(28) into Eq.(24). This would not give, however, more complicated equation than that for the Larmor precession derived in Ref.1. It would coincides with the LP
equation, only if one approximates p± ≈ p0 ∓ ω/2v, where ω = µB/h̄ is the LP frequency
and v = h̄k0 sin α/m is a group velocity projection onto normal to the surface. Then, instead
of Eqs.(31), one has:
b
S ≈ eip0 z cos ϕ/2 and S ≈ i eip0 z sin ϕ/2,
2

(31)

where ϕ = ωz/v is the LP phase shift at a distance z from the front face of the slab.
In this approximation the polarization vector
P = b(P0 b) + [P0 − b(P0 b)] cos ϕ + [b × P0 ] sin ϕ.

(32)

is expressed via the polarization vector P0 in the same way, as in Ref.1.
One should, however, admit that not all approximations above are obvious. Thus, for
µB ¿ E sin2 α and not very small angles α, the reflection can certainly be neglected. On the
other hand, a truncation of expansions of the phases ϕ± in the exponents in Eq.(31) is only
reasonable at z ¿ λ(µB/E)2 / sin5 α. Otherwise, the LP is distorted by the refraction effects.
The consideration above and the LP equation, particularly, accounts for the interference of
birefringent wave components. So, distortions of LP can be seen if the coherence length
along the z− direction is larger than the scale indicated above. In the opposite case the
beam is partially depolarized before these distortions become visible.
If the magnetic field varies along the z−direction on a distance smaller than the corresponding projection of the coherence length, then one can divide the slab into N small slices
of thickness dl = zl − zl−1 such, that within each slice numerated by 1 ≤ l ≤ N , i.e. at
zl−1 ≤ z ≤ zl , a field variation can be neglected and approximated as B(z) ≈ Bl . Then
Ŝ(z) =

Y

Ŝl =

l

Y

exp(iϕ̂l ),

(33)

l

where ϕ̂l = pl dl is the phase shift over dl = zl − zl−1 . This equation can be rewritten in an
equivalent, but more elegant symbolic form as:
Ŝ(z) = T̂z

Z z
0

dz 0 exp(iϕ̂0 (z 0 )),

(34)

where T̂z is a ”chronological” operator, and ϕ̂0 (z 0 ) is the derivative of the phase operator at
the point with the coordinate z 0 . The latter form can be more convenient for some cases of
field variations.
At the same circumstances as above the partial Ŝl -matrix is determined by the equation:
−
+
−
1 iϕ+
{(e l + eiϕl ) + (σbl )(eiϕl − eiϕl )}
2
≈ eik0 dl {cos(ϕl /2) + i(σbl ) sin(ϕl /2)},

Ŝl =

where ϕ±
l = pl± dl , pl± =

(35)
(36)

q

p20 ∓ p2cl ≈ p0 ∓ (ωl /2v), ϕl = ωl dl /v, ωl = µBl /h̄ is the Larmor

frequency in the slice l, and Bl = Bl bl . Consequently, the partial polarization vector in the

slice l,
Pl = bl (Pl−1 bl ) + [Pl−1 − bl (Pl−1 bl )] cos ϕl + [bl × Pl−1 ] sin ϕl ,

(37)

is expressed via the polarization vector Pl−1 in the previous slice in the same way, as the
polarization vector P is expressed via the vector of incoming polarization P0 in Eq.(32). It
must be pointed out, that Eq.37 is not very useful because partial polarization vectors Pl
are not those quantities experimentally measured. On the other hand, the final polarization
vector obeys Eq.(32), even in general case considered above, if the phase ϕ is substituted
by some effective phase of ”precession” around some direction in space, instead of that as
pointed in Eq.(32) by the unit vector b. For complicated field arrangement this phase and
direction are given by four Eqs.(31), as soon as the Ŝ−matrix is computed using Eq.(34-37).
As mentioned above, the finite coherence length causes depolarization, which is taken into
account by convolution of Eq.(32) with the resolution function, including the divergence and
the wave–length spread of the primary beam, as well as the finite acceptance aperture of the
detector. The latter is important if the field is inhomogeneous within the scale of the lateral
projection of the coherence length. Then it may cause scattering beyond the angular range
of the primary beam divergence and acceptance aperture of the analyzer. Due to that some
intensity and polarization is lost (see, Lecture of Maleyev[1]), while in the consideration
above it was silently supposed that all neutrons are safely arrived at the perfect analyzer
and detector.
Even though, depolarization may occur if the field is laterally homogeneous over the scale
smaller than the corresponding projection of the coherence length, but it varies at greater
distances. One of the examples is of large magnetic domains, usually not seen in scattering
experiments, but effectively depolarize the beam. Hence, the polarization vector P should
be calculated for each of the direction of domain induction, given in Eq.(32) b, and the result
is then to be averaged over all possible directions of b in accordance with the statistics of
the domains (see, for details, Ref.1).
It is important to note, that for large domains one cannot say much about their size and
size distribution. However, as it was discussed in the Introduction, the angle of incidence α
can play the role of a parameter, controlling the lateral projection of the coherence length,
which at low angles may exceed the typical domain size. Next, one should take care about the
optical effects, i.e. reflection and refraction, but due to the huge coherence length projection
onto the surface plane, one can resolve this size with small angle off-specular scattering.

9.5

Reflectance and Transmittance Matrixes

Continuing the discussion of the previous Section, we shall consider here the interaction of
polarized neutrons with a slab–shape magnetized sample in the case of a shallow incidence
of the beam at its surface. As it was discussed in the Introduction, under this circumstances
one of the projection lk , i.e. that is in the reflection plane, of the beam coherence length lc
onto the sample surface can be rather large.
Therefore, the neutron wave averages out most of the details of the surface structure
over a scale lk and the main portion of the incident beam is either transmitted through, or
reflected from the sample without appreciable changes in its lineshape, provided both sample
faces are well parallel to each other and macroscopically flat. At the same time, the beam
can dramatically change its polarization, as it was shown above for the transmission, while
reflection was totally neglected. Here we concentrate mostly on reflection, keeping in mind
that, both the transmitted beam intensity and its polarization are drastically affected by the
presence of reflection.
Similar to the previous Section we solve the Schrödinger equation Eq.(25) assuming that
the interaction potential (operator in the spin space) V̂ (r) averaged over the lateral coherence
length depends on the only coordinate z, i.e. hV̂ (r)iρ = V̂ (z). Let us divide the slab, as
above, into slices writing down
V̂ (z) =

N
X

{V̂N l + V̂M l },

(38)

l=1

where, V̂N l = 1̂VN l at ≤ zl−1 ≤ z ≤ zl and VN l is the nuclear optical potential (if interaction
with nuclear spin is neglected) of the lth slice. The magnetic part of the interaction operator
V̂M l = −µ̂Bl is defined as above, with the neutron magnetic moment operator µ̂ = µσ̂,
µ = γµN , µN is nuclear magneton and γ = −1.91. Note that artificially synthesized layered
films are divided into a sequence of layers with relatively sharp interfaces. Therefore, below
we shall often use a term ”layer” instead of ”slice”, as well as ”film”, rather than ”slab”.
Due to the same symmetry conditions as in the preceding Section, the lateral and transverse variables are separated and the solution of Eq.(25) is factorized into the product, but
the asymptotic conditions now also include the reflected wave, and above the surface:
|Ψ(r)i = exp(iκρ){eip0 z + e−ip0 z R̂}|ψ i (0)i,

(39)
q

where κ is the in-plane (conserved) projection of wave vector k0 , p0 =

k02 − κ2 is its

component normal to the surface, ρ is the lateral coordinate, |ψ i (0)i is the initial vector of
states at the surface, R̂ is the reflectance matrix transforming components of the incoming
wave function |ψ i (0)i into the components of the reflected wave
|ψ f (0)i = R̂|ψ i (0)i.

(40)

An explicit expression for the reflectance matrix R̂ for a semi–infinite magnetic sample
was found, to the best of our knowledge, for the first time by Felcher et al.[17] by writing
the interaction matrix in the laboratory coordinate system:



V̂ = 



VN − µB

z

x

y

µ(B − iB ) 

µ(B x + iB y )

VN + µB z

,

(41)

solving Eq.(25) in the magnetic medium, and then matching the components of the vector
|ψ(z)i and their first derivatives at the surface. Finally, the continuity conditions at the surface were collected into a 4 × 4 matrix equation of a quite complicated structure, which made
it difficult to adjust the method for routine calculations of the reflectivity from multilayered
systems.
As we shall see, the boundary conditions at the interfaces can be written in a substantially
simplified form, if one keeps the potential in the vector form independent of the coordinate
and uses the algebra of the Pauli matrices. To do so one should just notice that the vector
of states |ψl (s)i inside any layer l can be written via the vector of initial states |ψ(0)i as
follows:
|ψl (z)i = Ŝl (z, σ)|ψli (0)i,

(42)

where the Ŝl –matrix is written in the form
Ŝl (z, σ) = eiϕ̂l (z) t̂l + e−iϕ̂l (z) r̂l ,

(43)

which takes into account the neutron waves refracted through and reflected from the interfaces. Here ϕ̂l (z) = p̂l (z − zl−1 ), and z0 = 0. The wave vector operator p̂l =
diagonal at z k Bl , with the eigenvalues pl± =

q

q

p20 − p̂2lc is

p20 − p2cl± , p2cl± = 4π(nbN l ∓ nbM l ), nbN l and

nbM l are the mean nuclear and magnetic scattering length densities within the lth layer.
The continuity conditions at subsequent interfaces,
|ψl+1 (zl+1 )i = |ψl (zl+1 )i

(44)

0
(zl+1 )i = |ψl0 (zl+1 )i
|ψl+1

(45)

look as follows:
t̂l+1 + r̂l+1 = eiϕ̂l t̂l + e−iϕ̂l r̂l

(46)

p̂l+1 {t̂l+1 − r̂l+1 } = p̂l {eiϕ̂l t̂l − e−iϕ̂l r̂l },

(47)

where ϕ̂l = p̂l dl , dl is the layer thickness. The set of these equations should, as usual, be
completed by adding two more boundary conditions: one for the front interface with the
vacuum and a second one for the back interface N with the substrate:
1̂ + R̂ = t̂1 + r̂1 ,

(48)

p0 (1̂ − R̂) = p̂1 (t̂1 − r̂1 ),

(49)

T̂ = eiϕ̂N t̂N + e−iϕ̂N r̂N ,

(50)

p̂s T̂ = p̂N (eiϕ̂N t̂N − e−iϕ̂N r̂N ),

(51)

where the wave number operator in the substrate is denoted as p̂s .
The set of Eqs.(46-51) looks exactly the same as those for spin–less particles and the only
difference is that each of the equation is written for 2 × 2 matrices, i.e. actually represents
a couple of equations. However, one should not pay too much attention to this fact and can
obtain solutions of the system of Eqs.(48-51) for the reflectance, r̂l , and transmittance, t̂l
matrices, including R̂ and T̂ .
One of the ways to find solutions is to apply a customarily used matrix formalism[5] and
express each couple of Eqs.(46-47) as one (super-)matrix equation:








ˆ  (t̂l + r̂l ) 
 (t̂l+1 + r̂l+1 ) 

 = Ŝ l 
,
i(t̂l+1 − r̂l+1 )
i(t̂l − r̂l )

(52)

ˆ
where the supermatrices Ŝl :








p̂−1
Ŝl11 Ŝl12   cos ϕ̂l
l sin ϕ̂l 
ˆ
Ŝ l = 
,
=

−p̂l sin ϕ̂l
cos ϕ̂l
Ŝl21 Ŝl22

(53)

are built up of four 2 × 2 matrices Ŝl = Slαβ , with α = 1, 2, β = 1, 2.
A particular advantage of Eq.(52) is that one can consequently apply it starting from the
front face down to the interface with the substrate and finally obtain a closed form equation
for the reflectance, R̂ = r̂0 and transmittance, T̂ = t̂N matrices:




 T̂ 





ˆ  (1̂ + R̂) 

 = Ŝ 
,
iT̂
i(1̂ − R̂)

(54)

ˆ
with the super–matrix Ŝ defined as product




11
Ŝ 12 
 Ŝ

ˆ ˆ
ˆ
ˆ
ˆ
Ŝ = Ŝ 0 × Ŝ 1 × ... × Ŝ N = Ŝ = 

Ŝ 21 Ŝ 22

.

(55)

Solving two Eq.(54) with respect to the two unknown matrices T̂ and R̂, one immediately
obtains them in explicit form:
R̂ = 12 {(Ŝ 11 − Ŝ 21 ) + (Ŝ 12 − Ŝ 22 )p̂s /p0 }T̂

,

(56)

T̂ = 2{(Ŝ 11 + Ŝ 21 ) + (Ŝ 12 + Ŝ 22 )p̂s /p0 }−1 .

(57)

Then the only problem left is to compute the elements Ŝ αβ of the total supermatrix
ˆ
Ŝ. As usual in super–matrix multiplication one should make it in two steps. In the first
ˆ
step matrix elements are Ŝ αβ of the supermatrix Ŝ are to be considered as c–numbers, but
without changing the order in which they are disposed in the product so, that
X

Ŝ αβ =

αN β
Ŝ0αα1 Ŝ1α1 α2 ....SN

(58)

α1 α2 ...αN =1,2

In the second step, one must follow an usual rule for multiplication of the matrices in each
term of this sum.
The matrix elements Ŝlαβ can easily be found using the theorem formulated in Eq.(29),
according to which:
Ŝlαβ =

1
αβ
αβ
αβ
αβ
{1̂(Sl+
+ Sl−
) + (σ̂bl )(Sl+
− Sl−
)},
2

(59)

or explicitly in the laboratory coordinate system:


Ŝlαβ =

1

2

αβ
Sl+
(1

+ blz ) +

αβ
(Sl+

−

αβ
Sl−
(1

αβ
Sl−
)(blx

− blz )

+ ibly )

αβ
(Sl+
αβ
Sl+
(1

−

αβ
Sl−
)(blx

− blz ) +



− ibly )

αβ
Sl−
(1

+ blz )


,

(60)

where the matrix elements elements S±αβ are as follows:
22
11
= cos ϕl±
= Sl±
Sl±

(61)

12
= p−1
Sl±
l± sin ϕl±

(62)

21
= −pl± sin ϕl± ,
Sl±

(63)

and ϕl± = pl± dl .
Inspite of a certain elegancy of the SM routine it is ”ill-conditioned” and may cause
numerical problems for a large number, or/and thicknesses of the layers. The source of the

problems is rather evident and related to the imaginary phases ϕl± in Eqs.(61–63) (or to
their sum over the multilayer) which may become large below the total reflection edge. Then
sin ϕ± and cos ϕ± contains a huge exponent, which must finally be canceled in the equations
for the reflectance and transmittance. It is a quite difficult to resolve the problem within
the frame of SM, but much easier to cure in the generalized Parratt formalism[8], which
is based on the same principles, as the matrix routine, although uses another algorithm of
calculations. In fact, the matrix Eqs.(46,47) can be immediately solved with respect to the
ratio R̂l = (r̂l t̂−1
l ) written as:
−1
−1
−1
−1 iϕ̂l
R̂l = eiϕ̂l {(1̂ − p̂−1
l p̂l+1 ) + (1̂ + p̂l p̂l+1 )R̂l+1 }{(1̂ + p̂l p̂l+1 ) + (1̂ − p̂l p̂l+1 )R̂l+1 } e . (64)

These equations can be easily solved via recursion, beginning from the values R̂N +1 = 0
and ending by R̂0 = R̂. Then the transmittance matrices are computed via the recursive
solution of the following set of equations:
t̂l+1 = {1̂ + R̂}−1 {1̂ + eiϕ̂l R̂l eiϕ̂l }eiϕ̂l t̂l .

(65)

The recursion begins with t̂0 = 1̂ and ends with t̂N +1 = T̂ . The reflectance matrices are
r̂l = R̂l t̂l are computed via R̂l and t̂l . In analogue to SM this method may be called Super–
Recursion (SR), or Matrix-Recursion (MR) formalism, because it uses recursion routine
for solution of coupled matrix equations. The recursion elements contains only decaying
exponents and to the best of our experience the routine never causes numerical problems.

9.6

specular reflectivity

In accordance with Eq.(40) the reflectance matrix transforms the spin components of the
incoming neutron |ψ i (0)i into the components of reflected wave |ψ f (0)i = R̂|ψ i (0)i in the
immediate vicinity of the surface. In this range |ψ i (0)i = Ŝ0i |ψ0i i is determined by the
initial state of neutron |ψ0i i within the source developed by the Ŝ0i − matrix governing its
propagation to the surface. As it was discussed above, the observable quantities are the result
of averaging over the states of the source. The reflected wave propagates to the analyzing
system and one observes a result of its interaction with the detector. The amplitude of this
interaction is given by the projection hψ0f |Ŝ0f |ψ f (0)i of the reflected wave states Ŝ0f |ψ f (0)i
driven to the analyzer by the Ŝ0f −matrix onto the analyzer eigenstates hψ0f |. The analyzing
system, as well as the source of polarized neutrons, is a statistical device and the result of

the interaction of the wave with the analyzer (including detector) should be averaged over
its states. If on the way from the source to the analyzer the wave states do not change,
then the result of this interaction just consists in the projection of the vector of states of
the reflected wave onto the vector of states |ψ0f i. Generally, the measurable reflectivity R is
given by the expectation value:
2

R = |hψ0f |S0f + R̂S0i |ψ0i i| = Tr{ρ̂f R̂ρ̂i R̂+ },

(66)

ρ̂i = Ŝ0i |ψ0i ihψ0i |Ŝ0i+ = Ŝ0i ρ̂i0 Ŝ0i+ ,

(67)

ρ̂f = Ŝ0f + |ψ0f ihψ0f |Ŝ0f = Ŝ0f + ρ̂f0 Ŝ0f ,

(68)

where ρ̂i0 and ρ̂f0 are the density matrices of the polarizer (source) and analyzer (detector),
respectively
1
(1̂ + Pi0 σ̂),
2
1
=
(1̂ + Pf0 σ̂),
2

ρ̂i0 =

(69)

ρ̂f0

(70)

Pi0 is the vector of initial polarization, and Pf0 is the vector of polarization efficiency of the
analyzer.
The effective density matrices at the sample surface are written in the same form:
1
(1̂ + Pi σ̂),
2
1
=
(1̂ + Pf σ̂),
2

ρ̂i =

(71)

ρ̂f

(72)

via the corresponding vectors Pi , calculated in Eqs.(23,24) and Pf defined in the same
manner.
The reflectance matrix, as any 2×2 matrix, can generally be represented in a form similar
to Eqs.(69-72) :
R̂ = (R1̂ + Rσ̂),

(73)

where R = 12 Tr{R̂}, and R = 21 Tr{R̂σ̂}.
After substitution of this equation into Eq.(66) and calculating the traces, one can
obtain[6] the following final equation for the reflectivity
R = 12 {|R|2 [1 + (P i P f )] + |R|2 [1 − (P i P f )]}
+<{R∗ (R[P i + P f ]) + (R∗ P i )(RP f )}
−={R∗ (R[P i × P f ]) + 12 (P i − P f )[R∗ × R]}.

(74)

This equation, together with the procedure of calculation of the reflectance matrix R̂,
totally solve the problem to compute all spin-flip and non-spin-flip reflectivities for an arbitrary orientation between the initial polarization and the polarization analysis vector from
layered systems with any distribution of the magnetization distribution over different layers.
This equation is absolutely exact and general. It does not imply approximations. It is also
valid for the transmission coefficient, if one just substitutes reflectance, R̂, for transmittance,
T̂ , matrices. In that sense it generalizes the consideration above for the Larmor precession.
Moreover, due to the vectorial form of Eq.(74), it can easily be averaged over the magnetization directions in multidomain samples, if the domain sizes are greater, then the lateral
projection of the coherence length. Then, one can also compute the depolarization in inhomogeneously varied field along the beam path, just considering transmission through the
field range divided into set of slices as discussed above. This allows to account for not only
depolarization due to the LP de-phasing, as discussed above, but also depolarization caused
by the lost intensity due to the reflection. The latter mechanism of depolarization is similar
to that due to the scattering[1] beyond aperture on the analyzing system.
The limitation of Eq.(74) is only the coherence length. If it is greater than the typical
size of magnetic inhomogeneities, then the wave is not only reflected from and transmitted through the mean optical potential, but also scattered in off-specular directions. This
phenomenon is considered in the next Section.

9.7

scattering cross section

The reflectivity R is a dimensionless quantity, normalized to the flux incoming onto the
sample surface. One can also introduce the cross section of specular reflection,
Ã

dσ
dΩ

!

= (2π)2 R(q⊥ )δ(qk )

(75)

r

which describes a flux divergent from the image of the source mirrored with respect to
the surface plane. The cross section has the dimension of an area and the δ− function
explicitly accounts for the conservation of the lateral projection of the wave vector: no lateral
momentum transfer qk = κf − κi is allowed for an interaction with an infinite surface, and
the transverse momentum transfer q⊥ = p0f ± p0i for reflection is q⊥ = 2p0i . The effect of the
finite coherence length is accounted for via smearing of Eq.(75) over the resolution function.
The advantage of Eq.(75) is that the measured reflected flux can be compared with flux

scattered in off–specular directions due to heterogeneities smaller than the coherence length.
The scattering cross section is defined as a modulus of the scattering amplitude F̂(kf ; ki )
squared
dσ
= h|F̂(kf , ki )|2 i,
dΩ

(76)

and averaged over the spin states of the source and the analyzer of scattering signal. In
general, the scattering cross section depends not on the momentum transfer q = kf − ki , or
its components, as in Eq.(75), but is a function of two vector variables, i.e. of the incoming,
ki , and outgoing, kf , wave vectors.
The scattering amplitude operators F̂ = F(σ̂) in Eq.(76) are scalar functions of the
vector of Pauli matrices and thanks to the theorem in Eq.(29) are generally represented as
linear functions
F̂ = 1̂F0 + (F σ̂),

(77)

with F0 = 12 Tr{F̂ σ̂}, and F = 12 Tr{F̂ σ̂}.
Then, after accomplishing the averaging procedure similar to the case of reflectivity the
equation for the scattering cross section:
dσ
= Tr{ρ̂f F̂ ρ̂i F̂ + }
dΩ

(78)

boils down to the form
dσ
dΩ

= 12 {|F0 |2 [1 + (P i P f )] + |F |2 [1 − (P i P f )]}

(79)

+<{F0∗ (F [P i + P f ]) + (F ∗ P i )(F P f )}
−={F0∗ (F [P i × P f ]) + 12 (P i − P f )[F ∗ × F ]},
which exactly coincides with that in Eq.(74), if one substitutes F0 by R = R(q⊥ ) and F is
exchanged for R = R(q⊥ ).
If the scattering is weak, then in the Born Approximation (BA) F0 and F are purely
real functions of the wave vector transfer q = kf − ki , F is directed along the vector
B(q) = M − e(eM ), e = q/|q|, and Eq.(79) collapses to the corresponding equations in
Ref.(1).
Beyond the BA, F and F are, in general, complex functions and, for example, the last
terms in Eq.(79) survive. One of the examples when one must go systematically beyond the

BA, even if scattering is weak, is off–specular scattering at grazing incidence. Then one must
account for the optical effects, e.g. the distortions due to the refraction (birefringence) of
the incident and scattered waves, as well as due to the off–specular scattering of the waves
reflected from the mean optical potential averaged over the lateral coherence length.

9.8

Distorted Wave Born Approximation (DWBA)

DWBA[18] represents a typical example of the perturbation theory approach which generally
implies to use an exact solution of the simplified reference Hamiltonian as a starting point for
iteration over the difference between this Hamiltonian and that to be solved. The iteration
procedure may not converge to the correct solution, or even not converge to any other.
However, for a proper choice of the reference Hamiltonian already a few first iterations
usually give a result that is assumed, as being reasonably close to the exact solution of the
problem, if the perturbation parameter is small. In most of the cases only the first iteration
is accounted for. Thus, the BA uses the reference Hamiltonian for waves that are freely
propagating before and after a scattering event. In the form of DWBA suggested by Sinha
et al.[11] for the X-ray off–specular scattering the zero approximation assumes an exact
solution of the Schrödinger equation for the reflection potential, while the residual potential
is treated as a perturbation. In our case the operator (in the spin space) V̂ (z) responsible
for optical effects is given in Eq.(38), and the zero order solution for the vector of states,
|Ψi (r)i = exp(iκρ)

X

Ŝli (z, σ)|ψ i (0)i,

(80)

l

is found, if the transmittances t̂l and reflectances, r̂l , in Eq.(43) are computed via, say, SM,
or SR routine.
The exact vector of states in the presence of scattering is to be represented as a sum
|Ψ(r)i = |Ψi (r)i + |Ψs (r)i,

(81)

where the vector |Ψs (r)i describes the scattered wave, caused by the residual perturbation
operator, which is
V̂(r) = V̂ (r) − V̂ (z),

(82)

where hV̂(r)iρ = 0 and does not contribute to the specular reflection.
Substitution of Eq.(82) into Eq.(25) allows to re-write it in a form ready for iterations:
{1̂(h̄2 /2m)[∇2 + k02 ] − V̂ (z)}|Ψs (r)i = V̂(r){|Ψi (r)i + |Ψs (r)i},

(83)

where the right hand side of the equation can be considered as an effective source of scattered
particles.
The formal solution of this equation, or better to say, its integral form reads:
Z
2

dr0 Ĝ(r, r0 )V̂(r0 ){|Ψi (r0 )i + |Ψs (r0 )i},

|Ψs (r)i = (2m/h̄ )

(84)

where Ĝ(r, r0 ) is the 2 × 2 matrix Green function, which obeys the same equation, but for a
point-like source, i.e. with the right hand side term in Eq.(84) substituted for 1̂δ(r − r0 ).
A formal solution of Eq.(84) has a standard form:
Z
0

0

dr1 Ĝ0 (r − r1 )V̂ (z1 )Ĝ(r1 , r0 ),

Ĝ(r, r ) = Ĝ0 (r − r ) +

(85)

where Ĝ0 (r − r0 ) is the matrix Green function in empty space, i.e. the well known solution
of Eq.(84) at V̂ (z) = 0 and the δ−function in the right hand side. This solution is nothing
else that a spherical wave divergent from the source position:
1̂m eik0 |r−r1 |
≈ Ĝ0 (r)e−ikr1 .
2
2πh̄ |r − r1 |

Ĝ0 (r − r1 ) =

(86)

Here the right hand side approximation holds for r À r1 , and k = k0 r/r. Substitution of
this approximate form of Ĝ0 (r − r1 ) into Eq.(85) allows to write down a very useful equation
for the total matrix Green function Ĝ(r, r0 ):
−ikr0

0

Ĝ(r, r ) = Ĝ0 (r){1̂e

Z

+

dr1 e−ikr1 V̂ (z1 )Ĝ(r1 , r0 )}.

(87)

Projection of this equation and Eq.(84) onto the vector of final states hΨf0 | immediately
provides the solution for the scattering amplitude in the DWBA:
F(kf , ki ) = hψ0f |Ψs (r)i = −

m Z
drhΨf (kf , r)|V̂(r)|Ψi (ki , r)i,
2πh̄2

(88)

if in the first order of the DWBA the second term in Eq.(84) is neglected.
This equation can be re-written in a more suitable form:
m Z
drhψ0f |Ŝ f (r)V̂(r)Ŝ i (r)|ψ0i i,
F(k , k ) = −
2
2πh̄
f

i

(89)

taking into account that the vector of states |Ψi (r)i = Ŝ i |ψ0i i and hΨf (r)| = hψ0f |Ŝ i are
transformed by the corresponding Ŝ−matrices.
The latter obey the Schrödinger equations:
Z
i

Ŝ (r) =

Ŝ0i (r)

+

Ŝ f (r) = Ŝ0f (r) +

dr1 Ŝ i (r1 )V̂ (z1 )Ĝ0 (r1 , r)

(90)

dr1 Ĝ0 (r, r1 )V̂ (z1 )Ŝ f (r1 )

(91)

Z

where Ŝ0i (r) = 1̂ exp(iki r), and Ŝ f (r) = 1̂ exp(−ikf r) are the solutions with V̂(z) = 0.
Eqs.(90, 91) include different asymptotic conditions: Eq.(90) assumes that the wave approaches the sample from the direction of the source, whereas due to the asymptotic conditions, Eq.(91) anticipates that the wave approaches the sample from the side of the analyzer.
Hence ki and kf are incoming and, correspondingly, outgoing wave vectors, the matrix element Eq.(89) contains the incoming vector of states |Ψi (r)i, whereas hΨf (r)|, corresponds
to the vector of states inverted is space, rather than reversed in time[11], with respect to
that describing the outgoing wave.
Due to the conservation in Eqs.(90,91) of the lateral projections κi and κf projections
of the wave vectors, ki , and correspondingly, kf , the solutions of Eqs.(89,90) are written in
the factorized form:
Ŝ i (r) = exp(iκi ρ)Ŝ i (z), and Ŝ f (r) = exp(−iκf ρ)Ŝ f (z),

(92)

where S i (z) = S i (pi0 , z), for scattering into the upper hemisphere S f (z) = S f (pf0 , z), while
for scattering below the horizon S f (z) = S f (−pf0 , z).
Now, Eq.(89) is written in the form taking into account the lateral translational invariance
of the reference state:
F(qk ; pf0 , pi0 )

Z
m Z
=−
dz dρe−iqk ρ hψ0f |Ŝ f (z)V̂(r)Ŝ i (z)|ψ0i i,
2
2πh̄

(93)

where qk = κf − κi is the lateral momentum transfer.
The matrices Ŝ i (z) and Ŝ f (z) depend only on z−coordinate and can be found for almost
arbitrary V (z) profiles by solving the equations following from Eqs.(90,91):
Z
i

Ŝ (z) =

Ŝ0i (z)

+

Ŝ f (z) = Ŝ0f (z) +

dz1 Ŝ i (z1 )V̂ (z1 )Ĝ0 (z1 − z),

(94)

dz1 Ĝ0 (z − z1 )V̂ (z1 )Ŝ f (z1 ),

(95)

Z

in which the Green function Ĝ0 (p0 , z1 − z) of free propagation is defined via the Fourier
transform of the left hand side part of Eq.(86):
Ĝ0 (z1 − z) = −1̂

im ip0 |z1 −z|
e
.
h̄p0

(96)

Here p0 has a meaning of either the transverse component pi0 = k0 sin αi of the wave
vector ki , or corresponding component pf0 = k0 sin αf of the vector kf .
One of the ways to solve Eqs.(94, 95) is divide the space along the z−axis into a set
of intervals, numerated by 1 < l < N and such, that and in each of them one can neglect

variation of the potential V (z). Then one can represent the solution for Ŝli (z) and Ŝlf (z)
within each of those intervals similar to that given in Eq.(43), but with t̂ substituted for t̂il ,
i(f )

or tfl , r̂ substituted for îil , or r̂lf , and ϕl (z) substituted exchanged for ϕ̂l
i(f )

where pl

i(f )

= p̂l

(z − zl−1 ),

are defined in the same manner as in Eq.(43), but with p0 substituted for pi0 , or

pf0 , respectively.
Finally the scattering amplitude in DWBA is proportional to the sum of matrix elements:
F(qk ; p0f , p0i ) =

XZ

dzhψ0f |Ŝlf (z)F̂l (qk ; z)Ŝli (z)|ψ0i i,

(97)

l

where

m Z
dρe−iqk ρ V̂l (ρ, z)
F̂l (qk ; z) =
2πh̄2

(98)

In the case of lateral diffraction and off-specular scattering at low incident angles one
can perform integration over the lateral coordinates in this equation. Then the scattering
matrix is written as a product:
F̂l (qk ; pf , pi ) = Λl (qk )F̂l (qk ; pf , pi )
Λl (qk ) =

X iq ρl
k j

e

,

(99)
(100)

j

where ρlj are the lateral coordinates of atoms within lth layer, or slice. Assuming, that at
−1
pi,f
0 ¿ al⊥ , where al⊥ is the unit cell constant in the direction perpendicular to the surface,

one can write down an equation for F̂lif = F̂l (qk ; pi , pf ) as follows:
F̂lf i

1 Z dl f
Ŝ (z)F̂l (qk )Ŝli (z).
=
dl 0 l

(101)

where Ŝl (z)–matrices are given in Eq.(43), F̂l (qk ) = F̂l (qk , 0) ≈ F̂l (q), and
F̂l (q) = FN l (q) + (σml⊥ )FM l (q).

(102)

In Eq.(101) FN l = bN l FN l (q) is a product of the nuclear scattering length bN l and the nuclear structure factor FN l (q), while FM l = bM l FM l (q) is a product of the magnetic scattering
length bM l and the magnetic cell form factor FM l (q), ml⊥ = ml − e(eml ) is the component
of the unit vector ml = Ml /Ml perpendicular to the momentum transfer direction given by
the unit vector e = q/|q|.
Substitution of Eqs.(43,102) into Eq.(100) yields:

F̂lf i = 14 {Gl++ [1 + σbl ]F̂l (q)[1 + σbl ]
+Gl+− [1 + σbl ]F̂l (q)[1 − σbl ]
+Gl−+ [1 − σbl ]F̂l (q)[1 + σbl ]
+Gl−− [1 − σbl ]F̂l (q)[1 − σbl ]},

(103)

i
where Glµν = Gflµν
, µ = ±, ν = ±, and
f i rt
f i rr
i
i tr
tt
glµν ,
tlν glµν + tflµ rlν
+ rlµ
rlν glµν + rlµ
Gflµν
= tflµ tilν glµν
tt
=
glµν
tr
glµν
=

exp[i(ϕflµ +ϕilν )]−1
i(ϕflµ +ϕilν )
exp[i(ϕflµ −ϕilν )]−1
i(ϕflµ −ϕilν )

,
,

rr
tt
glµν
= glµν
exp[−i(ϕflµ + ϕilν )],
rt
tr
glµν
= glµν
exp[−i(ϕflµ − ϕilν )],
(f,i)

with ϕlµ

(104)

(f,i)

= plµ dl .

tt
The Laue functions g±±
correspond to non–spin–flip processes in which the wave with +

or − spin projection is transmitted into the film, than scattered by inhomogeneties, and the
rr
scattered wave is transmitted out of the film. The functions g±±
correspond to non–spin–flip

transitions between reflected waves. Each of those functions reveal two sharp maxima at
tt
rr
pf± + pi± = 0. Two other functions g±∓
and g±∓
reach their maximum values at pf± + pi∓

corresponding to spin-flip scattering in off–specular directions. The other Laue functions
tr
rt
gµν
and gµν
correspond to the processes with transitions between transmitted and reflected

waves. They show maxima at pf± − pi± (non-spin-flip), or at pf± − pi∓ (spin-flip).
Calculating further products of the Pauli matrices in Eqs.(103) one obtaines the equation
consistent with the theorem summarized in Eq.(29):
F̂lf i = Fl + (Fl σ),

(105)

where Fl = Flf i = Tr{F̂lf i }/2 and Fl = Ffl i = Tr{σ F̂lf i }/2.
It is convenient for practical purposes to re-write this equation in the coordinate system
naturally related for each layer to its mean magnetic field Bl . This coordinate system can
be fixed choosing three orthogonal vectors bl = Bl /|Bl |, bl⊥ = ml⊥ − bl (ml⊥ bl ), and
bla = [bl × bl⊥ ], then the vector Fl is decomposed as follows:
Fl = Flk bl + Fl⊥ bl⊥ + Fla bla .

(106)

Finally, the zero matrix element Flf i and the components of the vector Ffl i can be calculated
and written explicitely:
1
{(Gl++ + Gl−− )FN l + (Gl++ − Gl−− )FM l (bl ml⊥ )},
2
1
=
{(Gl++ − Gl−− )FN l + (Gl++ + Gl−− )FM l (bl ml⊥ )},
2
1
=
(Gl+− + Gl−+ )FM l ,
2
i
(Gl+− − Gl−+ )FM l ,
=
2

Fl =
Flk
Fl⊥
Fla

(107)

where (bml⊥ ) = (bml ) − (ebl )(eml ). From these equations it follows that the amplitudes
F0 and Fk in Eq.(98) do not contain terms responsible for transitions between the states
with p+ and p− , while the other two, F⊥ and Fa , correspond to purely magnetic scattering
and provide such transitions.
If the periodical crystalline lateral structure is regarded as a perturbation, then |Λ(qk )|2 =
(2π)2
N0 δ(qk
s0

− τ ), where τ is the in–plane reciprocal vector, s0 is the area of the unit cell

cross section by the film surface, N = S0 /s0 and S0 is the foot print of the beam.
In the saturated state and at the incident polarization parallel to the magnetization any
spin–flip signal and, correspondingly, splitting of the diffracted beam is totally due to the
local atomic field components perpendicular to the mean magnetic field direction. Then
the effect is usually small due to the atomic magnetic form–factor FM (τ 6= 0) ¿ 1 [9]. All
the considerations above are actually valid for a large domain, and in multidomain samples
the scattering cross section and polarization should be averaged over domains. This will
dramatically increase the spin-flip signal at specular reflection and at diffraction, but it does
not increase a contribution from the two last terms in Eq.(98) responsible for the spatial
splitting of the diffracted beam. If, on the contrary, there exist an amount of small domains,
then the splitting is determined by the mean magnetic field, B averaged over domains. It
may be slightly smaller, than at saturation, but the transitions between the states with
p+ and p− are more effeciently provided by the domain field componets perpendicular to B,
than by the local atomic scale fields [9]. In this case magnetic scattering contributes not only
into the true diffraction, but rather to diffuse scattering concentrated around the Bragg peak
positions. In particular, relatively small domains (on a scale of large lateral coherence length)
create low angle scattering manifested in off–specular directions. Corresponding equations
have exactly the same structure as the equation for the Bragg diffraction discussed above.
The only difference is that the δ(qk −τ ) function should be substituted for the lateral domain

form factor h|Λ(qk )|2 idomains .

9.9

Example: 3D polarization anlysis

In the mean time, the reflected and scattered intensities are measured at a single direction of
the initial polarization and polarization analysis, and at most four quantities: two spin–flip
and two non–spin–flip components of the reflectivity (scattering cross section) are available
for theoretical evaluation. However, it is well established for bulk magnetic systems that quite
often measurements at one direction of the polarization do not render a sufficient amount
of information needed for the unique solution of the model. More complete information
is obtained from measurements at three, usually orthogonal, directions of the polarization,
providing 36 instead of four experimental quantities. This technique, called Polarization
Vector or 3 Dimensional (3D) analysis was first developed for the direct beam and small
angle scattering experiments[1]. Nowadays it is used in a number of diffraction and inelastic
scattering measurements, as discussed in the Lecture by F. Tasset.
In the case of reflection kinematics the situation is more complicated from both experimental and theoretical points of view. One of the main experimental problem is quite general
and related to the effects of the demagnetizing field outside the sample. If this field is sufficiently homogeneous and does not lead to a noticeable spatial splitting of the neutron beam,
then the Larmor precession can either be avoided by a proper short circuit for the magnetic
flux outside the neutron path, or taken into account, as discussed above. In the simplest
case one may analyze only the projections of the outgoing neutron spins onto the direction of
incoming polarization, subsequently directed along each of three Cartesian axis. Usually, the
conditions for non–adiabatic transmission of the neutron spin into the film can be fulfilled at
any direction of weak field guiding the initial polarization, and this, 3–directional (according
to Mezei), or 3D, version of 3D polarization analysis delivers 12 measurable quantities – an
amount often well sufficient to define a theoretical model.
In Ref.14 the data of polarized neutron reflectivity and off–specular scattering measured
for Fe/Cr multilayers were well described within the model of small antiferromagnetic domains. In these experiments the initial polarization vector Pi and vector of the final polarization analysis Pf were chosen parallel to the net magnetization of the system. Here we
shall present an example of the model calculations made for forthcoming experiments on the
same system, but with the vectors Pi and Pf directed also along two other axis orthogonal

to the magnetization and either parallel or perpendicular to the axis of antiferromagnetism.
We shall demonstrate, that 3D analysis can deliver and additional information, which can
be used to verify the model proposed in Ref.14.
In the preceding Sections the general explicit equations were derived for the reflectivity,
R = R(Pf , Pi ), and scattering cross section, (dσ/dΩ), in the invariant form independent of
the coordinate system and for an arbitrary mutual orientation between the vectors Pf and
Pi .
Now we reproduce those equations in a particular coordinate system for the model proposed in Ref.14 and depicted in Fig.1. We assume that the mean magnetization in each layer
is directed along the field applied within the surface plane along the Y –axis (perpendicular
to the reflection plane), and the Z–axis is orthogonal to the surface (see Fig.1). The mean
magnetization M contributes to the specular reflection, while the components of the domain
magnetic moments perpendicular to M, cause off–specular scattering. Due to the mean
magnetic field the neutron waves (transmitted and reflected at the interfaces) are birefringent inside each layer in accordance with the Zeeman splitting of the neutron spin states.
The spin components of a neutron wave propagate inside a layer with the wave vectors
pl± = {p20 − p2c± }1/2 (the eigenvalues of p̂l ), where p0 = pf,i
0 is the incoming or scattered wave
vector projection onto the normal to the surface, and pc± = pcl± are the critical wave vectors
of the total reflection: p2cl± = p2N l ± p2M l for that or the other spin component. Those components are transmitted into the layer with the amplitude tl± , or reflected from its interface
with the amplitude rl± , which are the eigenvalues of the transmission, t̂l = tl + (tl σ), and
reflection, r̂l = rl + (rl σ). Actually, all these amplitudes, including the reflectance R± = r0±
for the whole multilayer, can easily be found via an ordinary matrix, or Parrat routine, and
tl = (tl+ + tl− )/2, tl = (tl+ − tl− )b/2, rl = (rl+ + rl− )/2, rl = (rl+ − rl− )b/2, where b is an
unit vector along the mean magnetization.
As soon as the (complex) eigenvalues R± = |R± | exp(iχr± ) are found, one can calculate
R = (R+ + R− )/2, R = (R+ − R− )b/2 and the components of the reflectivity matrix
β
αβ
β
α
α
Rαβ
±± = R(±Pf , ±Pi ) and R±∓ = R(±Pf , ∓Pi ) at each of the orthogonal directions of the

vector Pf , i.e. at Pf = Pfx , Pfy , or Pfz , and at Pi = Pix , Piy , or Piz . The results of 36 possible
measurements can be collected into the supermatrix Rαβ
µν , with {α, β} = {x, y, z} and µ, ν
denote +, or −. However, in our simple model there are only 3 independent functions, |R± |
and (χr+ − χr− ), which can experimentally be determined from this supermatrix, and most

of its elements are interrelated.
Indeed, the quantities |R± | and (χr+ − χr− ) can be found from measurements of the
diagonal elements
yy
2
2
Ryy
++ = |R+ | , R−− = |R− | ,

(108)

yy
Ryy
+− = R−+ = 0,

(109)

xx(zz)

= R−−

xx(zz)

= R−+

R++
R+−

xx(zz)

= |R+ + R− |2 /4,

(110)

xx(zz)

= |R+ − R− |2 /4,

(111)

|R+ ± R− |2 =

(112)

|R+ |2 + |R− |2 ± 2|R+ R− | cos(χr+ − χr− ),
where it is assumed that |Pf | = |Pfy | = 1 and |Pi | = |Piy | = 1.
Non–diagonal elements of Rαβ
µν with {α, β} = {x, z}, are as follows:
αβ
βα
αβ
Rαβ
++ = R−− = R+− = R−+ ,

(113)

zx
2
Rzx
++ = R−− = |R+ − iR− | /4,

(114)

zx
2
Rzx
+− = R−+ = |R+ + iR− | /4,

(115)

αy
αy
yα
2
Ryα
++ = R+− = R++ = R−+ = |R+ | /2,

(116)

αy
αy
yα
2
Ryα
−− = R−+ = R−− = R+− = |R− | /2.

(117)

They do not contain an additional information, but can be used to check the consistency of
the model anticipating that domains are smaller than the lateral projection of the coherence
length. If this is not the case, one cannot use Eqs.(108–117), and the reflectivity must be
calculated for each domain, and afterwards the result should be averaged over the domain
distribution.
If the domains are not very small then true specular reflection can hardly be discriminated
from diffuse scattering within the range of their overlap. As we shall see, the polarization
analysis can substantially help to solve this problem. If we assume, that the magnetization of
each layer l is decomposed into domains with magnetic moments Ml tilted at a certain angle
φ with respect to the mean magnetization directed along the applied field H (see Fig.1), then
the strength of this mean field is B = H + 4πM cos φ, with M = |Ml |. The components
Mxl = M sin φ perpendicular to B are alternating in neighboring domains within each layer,
and if the atomic magnetic moments in neighboring layers are coupled antiferromagnetically,

as it happens in GMR systems, then Mxl components also change sign from layer to layer.
Off–specular scattering from such a system of domains is concentrated within the range of
Qk r0 ≤ 1 (where r0 is mean lateral extension of the domains), and has enhancement factor
for qz d ≈ π(2n + 1), where qz is the wave vector transfer component normal to the surface,
d is the multilayer period, and n is integer number.
In the Born approximation (BA) the magnetic scattering operator reads: F̂lf i = (Ffl i σ),
where Ffl i = bM FM (q)m⊥ , bM is the magnetic scattering length density, FM (q) = Fk (qk )Gl (qz )
is the domain form factor with its lateral, Fk , and transverse, Gl (qz ), components, ml⊥ =
ml − e(eml ) is the component of the vector ml = Ml /M perpendicular to the momentum
transfer, and e = q/|q|. At low angles of incidence and scattering this vector is almost
orthogonal to the surface, and thus, to the vector ml . Then, in our model ml⊥ ≈ ml is
directed along with (or opposite to) the X–axis.
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Figure 1: Sketch of the domain magnetization (thick arrows) arrangement of the [[Cr(8.1
Å)/57 Fe (67.5 Å)]×12]/Al2 O3 multilayer.
However, BA is invalid at the angles so low, that the reflection from the mean potential is
sufficiently strong. Then, one should take into account refraction effects and the scattering
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Figure 2: Intensity distribution of: a-c) specular reflection (non–spin–flip) and off–specular
scattering (spin–flip) for polarization along the field; d) non–spin–flip reflection and scattering polarization perpendicular to the field, calculated for the model in Fig.1
of the waves reflected from the interfaces. This was done above in the framework of the
Distorted Wave BA (DWBA), and the result for each layer l looks as follows:
F̂f i = t̂f F̂ tt t̂i + t̂f F̂ tr r̂i + r̂f F̂ rt t̂i + r̂f F̂ rr r̂i .

(118)

Beyond BA F̂lf i is not anymore a function of only the momentum transfer, but depends
on each variable, the incident and scattered wave vectors, separately. The vector Fl is not
proportional to ml⊥ , but receives also the components perpendicular to this vector. For our
model Fl = Ffl i has, however, only two components:
Fxτ ρ =

ρ
bM
(Gτ+−
2

ρ
+ Gτ−+
)Fk (qk ),

(119)

Fzτ ρ =

ρ
ibM
(Gτ+−
2

ρ
− Gτ−+
)Fk (qk ).

(120)

τρ
Here Fx(z)
are the linear combinations of the transverse form–factors Gτµνρ with {τ, ρ} = {t, r}:

f

i

f

i

i(plµ +plν )al
Gtt
− 1}/i(pflµ + pilν ),
µν = {e
i(plµ −plν )al
Gtr
− 1}/i(pflµ − pilν ),
µν = {e
−i(pflµ −pilν )al

(121)
(122)

− 1}/i(pflµ − pilν ),

(123)

−i(plµ +plν )al
Grr
− 1}/i(pflµ + pilν ),
µν = −{e

(124)

Grt
µν = −{e

f

i

where al is a layer thickness.
It is important to note that scattering in our model is always associated with transition
between different spin states denoted by {µ, ν} = {+, −}, Therefore the functions Gtt
µν and
z
f
i
Grr
µν depend on corresponding ”ordinary” wave vector transfers qµν = pµ + pν , while the
rt
z
f
i
functions Gtr
µν and Gµν depend on the ”anomalous” ones: q̃µν = pµ − pν .

Use of Eqs.(118–124) yields a general equation for the scattering cross sections:
dσ yy
dΩ ++

=

dσ yy
dΩ −−

= 0,

(125)

dσ yy
dΩ +−

= |Fx − iFz |2 ,

(126)

dσ yy
dΩ −+

= |Fx + iFz |2 ,

(127)

dσ xx(zz)
dΩ ++

=

dσ xx(zz)
dΩ −−

= |Fx(z) |2 ,

(128)

dσ xx(zz)
dΩ +−

=

dσ xx(zz)
dΩ −+

= |Fz(x) |2 .

(129)

From these equations it follows that, if at polarization along the field (see, Fig.2a) off–
specular scattering is not detected in non–spin–flip channel, but is found in spin–flip channels
(see Figs.2b,c), then one still needs to accomplish a set of additional measurements in order
to obtain all possible information on the source of scattering. These set must include the
experiment with the polarization perpendicular to the mean magnetization. Indeed, the
amplitudes Fx(z) = |Fx(z) | exp(iχx(z) ) are complex functions and the model is characterized
by two absolute values |Fx(z) | and by two phases χx(z) . In accordance with general principles,
both of the phases cannot be determined, but the phase shift (χx − χz ) can be found.
However, this is impossible to do using only Eqs.(125–127), and one needs to employ one of
Eqs.(128,129).
All the other (nondiagonal) components of the scattering cross section supermatrix
(dσ/dΩ)αβ
µν do not contain new information on the domain model under consideration. If
either Pi , or/and Pf is directed perpendicular to the field, i.e. {α, β} = {x, z}, then:
dσ αβ
dΩ ++

=

dσ αβ
dΩ −−

= |Fx + Fz |2 /2,

(130)

dσ αβ
dΩ +−
dσ αy
dΩ ++

=

=

dσ αβ
dΩ −+

dσ αy
dΩ −+

= |Fx − Fz |2 /2.

=

dσ yα
dΩ −−

=

(131)

dσ yα
dΩ −+

=

(132)

dσ yα
dΩ +−

=

(133)

|Fx + iFz |2 /2,
dσ αy
dΩ −−

=

dσ αy
dΩ +−

=

dσ yα
dΩ ++

=

|Fx − iFz |2 /2.
Some examples of the numerical results simulating the experimental observations in [6]
are depicted in Figs.2a-c, where the intensity distribution is plotted as a function of the
f,i
incident angle αi and the angle of scattering αf (pf,i
and λ is the neutron
0 = (2π/λ) sin α

wave length). In those experiments no off–specular scattering was detected at the incoming
and outgoing polarizations directed along with (similar Fig.2a), or opposite (not shown) to
the field. On the contrary, spin–flip reflectivities Ryy
+−(−+) = 0, while off–specular scattering
is rather strong, and the intensity distribution in Figs.2b,c reveal a number of remarkable
features. Thus, one can clearly see two antiferromagnetic Bragg sheets along which (pi± +
pf∓ )d ≈ π, 3π, and a set of low intensity sheets running parallel the Bragg ones. The distance
between them is determined by the total thickness of the system.
The other prominent property of Figs.2b,c is that the intensity distribution is quite
asymmetric. This is due to the asymmetry in the spin–flip scattering amplitude Fz with
respect to interchange of the incident and outgoing wave numbers. It is important to remind,
that in BA the amplitudes are real functions of the wave vector transfer. This, however,
does not hold for DWBA, which takes into account the fact, that the refraction effect for
the incoming wave (positive spin projection) is higher, than that for the scattered one, if
its spin projection onto the field direction is negative. The effect is mostly pronounced
close to the total reflection, while at higher wave vector transfer the symmetry is almost
completely restored. The results is Fig.2c are complementary to those in Fig.2b and show,
that interchange Pfy with Piy is equivalent with interchange pf0 with pi0 , as follows from the
reciprocity principle.
The other effect of DWBA seen in Figs.2b,c is manifested by a short ”anomalous” Bragg
−
sheet running perpendicular to the ”ordinary” ones, and positioned at (p+
i − pf )d ≈ π. It

arises due to the scattering of the waves reflected from the interfaces. It has appreciable
intensity only in the range of strong reflection and is seen in Fig.2b only at low angles of
exit. The other process, i.e. reflection of the waves scattered from domains, is rather weak.

At low angles of exit, one can also see some modulation of the intensity which is due to the
interference of the fringes running parallel to the ”ordinary” and ”anomalous” Bragg sheets.
The intensity distribution in Fig.2d is, in contrast to that in Fig.2b,c is rather symmetrical
and contains both specular and off–specular components. However, diffuse scattering at the
position of specular reflection is heavily suppressed and does not interfere with the reflection
process. Indeed, from Eq.(129, 120) it follows that in this case non–spin–flip diffuse scattering
cross section is due to the virtual transitions between two spin states However at pi0 = pf0
this processes are absolutely equivalent, exactly compensate each other, and Flz = 0. The
off–specular scattering is concentrated close to the range of the total reflection with respect
to the incidence, or scattering, while it becomes invisible in the range of BA validity.

9.10

Conclusions and Outlook

In summary, we have shown, that presently there exists the theory which allows to analyze
specular reflectivity and off–specular scattering from layered systems with any complex arrangement of inter-layer magnetization, as well as exhibiting in-plane magnetic structure.
Numerical routine for the modelling of the scattering signal from multilayers with arbitrarily large number of layers and various in-plane magnetic organization is developed on the
basis of this theory by E. Kentzinger and soon will be available on the Web site of IFF. It
allows to model scattering at any mutual orientations of incident polarization and polarization analysis. This, I hope, will encourage further efforts of U. Rücker on implementation
of 3D polarization analysis, which is, as demonstrated in the last section, rather useful for
unique solution of the model of magnetic arrangements in multilayers. In particular, even
one experiment with the polarization perpendicular to the mean magnetization carried out
in addition to the measurements with polarization along the magnetization allows to determine all possible components of the reflectance and the scattering amplitudes for the model
of antiferromagnetic domains.
There is still some theoretical problems to be solved. One of them is to account for
the optical theorem, which is responsible for the total flux conservation law. This would,
however, require to go beyond the first order of DWBA[19].
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